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Heisenberg performed a dipole ghost regularization of the Lee-model and a subsequent uni-
tarization of the corresponding state space. If this method is transferred to the relativistic non-
linear spinor field model, insoluble difficulties appear as long as no explicit state representations
are used. In preceding papers such state representations for the spinor field have been derived
and in the present paper it is demonstrated how they can be successfully used to perform the
relativistic analogon to Heisenberg’s Lee-model unitarization. As the state representations have
to be derived by construction, the method is demonstrated for the two particle fermion sector

which is sufficiently well-known.

To regularize a non-renormalizable nonlinear
spinor field, Heisenberg proposed to use a state
space with indefinite metric [1]. Among the various
concepts to regularize divergent quantum field
theories by indefinite metric he used a special one,
namely the dipole ghost regularization. Heisenberg
first introduced a dipole ghost in the Lee-model and
demonstrated that by this procedure regularization
is achieved without having unsoluble difficulties
with unitarization [2]. Guided by these results,
Heisenberg proposed an application of this method
to the nonlinear spinor field. But the extension
from the Lee-model to nonlinear spinor field
theory is not straight-forward. While in the Lee-
model a Fock space representation is applied,
nonlinear spinor theory has to be evaluated in the
frame of general relativistic quantum field theory.
Combining the methods of conventional quantum
field theory with dipole ghost regularization, it can
be shown that serious drawbacks result:

i) Because of mnon-canonical quantization the
derivation of the prepared Green functions
hierarchy breaks down [3].

ii) The derivation of the S-matrix from the Green
functions is not possible as in LSZ formalism [4].

iii) For unitarization explicit state representations
are required.

For the removal of these serious drawbacks the
present axiomatic quantum field theory gives no
hint. Also, Heisenberg and his co-workers made no
proposals to overcome these difficulties. Obviously,
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a new approach has to be made in order to obtain
meaningful results comparable with experiment.
This new approach is given by functional quantum
theory of the nonlinear spinor field developed by
Stumpf and co-workers. In brevity, it consists of
the direct construction of the relativistic state
space of the corresponding system and it explicitly
solves the problems i)—iii). In preceding papers the
construction of bound and scattering states [5], of
scalar products [6] and of global observables [7] has
been discussed. In this paper, unitarization is
discussed. Hereby, due to the results of the preced-
ing papers, the knowledge about a representation of
the state space can be assumed. Hence we are
allowed to apply this unitarization procedure to the
spinor field which originally was applied to the
Lee-model by Heisenberg.

Karowski considered unitarization for a rela-
tivistic field with dipole ghost regularization [8].
He modified the Heisenberg method in order to
avoid explicit state representations. We shall show
that the Karowski method only has formal character
since so far kinematical subsidiary conditions have
been ignored which prevent a successful applica-
tion. Hence the explicit state construction is also
unavoidable for the unitarization procedure in non-
linear spinor field theory.

We shall give a formal deduction of a correct
unitarization procedure in the two fermion sector
and additionally correct the dipole ghost assump-
tions of Heisenberg. After having obtained formal
unitary, the question arises whether this formal
unitarity also removes unphysical cuts or not. To
answer thiz question, in subsequent papers model
calculations will be presented to demonstrate that
formal unitarization will also lead to physically
meaningful results.
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1. Regularized Propagators

To achieve a relativistic invariant regularization
of the nonlinear spinor field Heisenberg proposed
to use a dipole regularized propagator. The intro-
duction of such a propagator is an a priori informa-
tion which has to be justified by selfconsistent
calculation. But this will not be discussed here. We
rather are interested in the consequences of this
assumption for the state space. In theories with
positive metric the connection between state space
and propagator is given by the Lehmann-Kallen
theorem. For indefinite state spaces this theorem
has to be slightly generalized. We consider this
generalization for the case of the dipole regularized
spinor field.

We assume ¥, (x) to be the Hermitean spinor
field operator and the set of states {| o>} to be the
one-particle fermion sector of the nonlinear field
including ghost and dipole ghost states. Then we
have the relations

0’| 0> = oo (1.1)

and
0| Pu(x') Pp(z) | 0> =: F (2, x) (1.2)
where g, is the metrical tensor of the one-particle

fermion sector and |0) is the groundstate of the
field. If we further define

pa(z|0) := (0| Pa(2)
and assume the expansion

lo> = [o*(x|0) Pulz) |0) ddx + ...
then we obtain
g’ |0) = [Fi(a', x) 0% (x| o)Atz + .... (1.5)
The dots in (1.4) and (1.5) indicate that in general
higher order contributions have to be used in order
to describe the state correctly, cf. Stumpf [9]. Here
we only consider the “free field” version of the

propagator and omit these dots. Then the following
theorem holds:

Theorem. If the sets {Wq(x)|0>} and {|o)} are
equivalent, i.e. if the linear space L; of the one-
particle fermion sector is given by

Ly = 1h{¥a(2) |05} = 1h{|0D},

then for the two-point function F'+ (z, z") the spectral
decomposition

Fi,2') = ga(x|0)< g% gp(x'|0’)  (1.6)
2,
holds.

0 (13)

(1.4)
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Proof. Due to the equivalence not only (1.4) is
valid but also the inversion

Pal2) |0> =2 ba(z]0) [0 - (1.7)
e

From this follows due to the Hermitecity of the

field

0| Pa(2) |0) = @u(x|0)* =D ba(2|0) gore (1.8)
e

and

Fi, (@', 2) = 2 ba(z|0) O| Pp(x) | 0
e

=2 a(@'| ) bu(x]0) - (1.9)
e
By definition we have
2.9% gore = do* (1.10)
ry
and applying this to (1.8) we obtain
ba(x|2) =D g% @u(x]|0')* . (1.11)

<
Substitution of (1.11) into (1.9) gives (1.6), q.e.d.

The quantum number p of the one-particle
fermion states contains the momentum and the
spin quantum numbers and additionally the
specification of the particles by mass etc. Only the
latter is of interest, as the momentum and spin
parts are always diagonal in the model considered.
Hence we have goor =1 ® §re With | 0> = | pg, Se, 7).
In the Lee-model version of Heisenberg gy, is given

1
by ((1) 0) describing a good ghost and a dipole

ghost. Assuming that this couple should accompany
a physical fermion the metrical fundamental tensor
has to have the structure

100
gre=10 0 1 (1.12)
010

Unfortunately, the spinor field propagator proposed
by Heisenberg has not this simple structure but
rather a more complicated one, since additional bad
ghosts and parity mixtures appear [10]. In order
to get a clear insight into the mechanism of
unitarization and to obtain a parity invariant
theory we use a modified spinor field propagator
which contains only that minimum of indefiniteness
being acceptable for a successful solution of the
problem. We consider the general propagator
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o (=P pR(—ptm)
F(x—x)=wfe1(m2) P — 22 (PP —m?) e?@=%)dm'2 d4p
(~p p?P(—p—m')

2n4) 2 e et — )

€P@=20 dm'2 d4p . * (1.13)

If we only admit one parity by putting g2 = 0 and if we assume g; (m'2) = 0 (m2 — m’2) then the propagator
(1.13) corresponds to the propagator of a free field y(z) with the equation

(—tyudt+m)(—iy, @+ pu)2x(x)=0. (1.14)
For this field we have
N e 1 (=p+mwi(—=p+m ip@—2) A4
Fz—2a') =<0|Ty@)7()|0)= Fr f(pz—,uz—l—ie)z(p?—mz—[—ie) e d4p (1.15)
with
(—iyudh4+m)(— iy, O+ p)PF(@—2)=—id(x—2). (1.16)

The length dimension of y(x) is — %, i.e. the local interaction is renormalizable and additionally the
field is noncanonical as

(2 (@) %))+ jgo=ae = 0 (1.17)

holds. We do not give here a detailed account of this higher order field, but rather consider the
properties of the propagator. From (1.15) follows

1 (=Pl =P .
g — ') = A ip(z—2') 4
Ftz—a') = 0] x(@) (") |0> = 570)8 f P® — u22 (" — m2) e dip. (1.18)
cr
We decompose the fraction in (1.18) into partial fractions and obtain
(— P+ w?i(—p+m) _ 1 (=Ptpw
(P2 — u2)2(p? — m?) (w—m2 (p2— p?)
1 (=hFwr L (—Ptm i
(w—m) (P2—p??  (p—m)* (p>—m?) ~ '
Substitution of (1.19) into (1.18) and integration over pg gives by observing
2
(P — p) =2u D v g
8=1
the expression
Pro—a)= — TP o 7(@) [0y
@=2) = w2 | o Ol 2@ [pm | 7@ |05
1 d3p i
—————s 0| () |ps sd| (@) |0>-— (1.20
= )Z,,/ (m#<lx()|p 9 <psd|7(=) [0 )3 )
1 d3p
2(7;:-;”—};/ o “ <Ol 2@ [psd)<pag|7@) |05 )3

with o (m) := (p2 + m?2)1/2 and
O] x(@) |[psny :=v3(p) eP™M=, (0| x(x)|p s g> := vs(p) €PW7, (1.21)

L 1 1 Yo 12
<0 xmlf’sd%—[,‘_m T 20w T Zow o

vs(p) P

* Anm. d. Redaktion: Aus technischen Griinden konnte das Feynmann-Symbol (hier $) nicht wie iiblich mit dem ent-
sprechen den Querstrich gesetst werden.
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In this case the metrical tensor goo = g(psr, p's'r’)
can be divided into a diagonal and a nondiagonal
part, with

g(psr,p's'r') = Opp’ Oss’ Grr (1.22)
where §y, is given by (1.12) with r =n, ¢, d; i.e. a
physical fermion (=nucleon), a good ghost and a
dipole ghost. The scalar products can be written

1 00 {n|n)y <n|g) <n|d)
grr=1{0 0 1|=|<|n> <g|lo <g|d
010 d|ny <Kd|g> <d|d)>

(1.23)

This means that {g|g> = 0 = {d|d) and that the
physical part of §,r can be defined by

am=(G1 Glp)=lo o) 29

as the good ghost states do not contribute to the
norm.

2. Kinematical Conditions

As can be seen by diagonalization of (1.12), the
introduction of ghost states (and dipole ghost states)
leads to indefinite metric in state space. This
prevents a direct probabilistic interpretation of the
state space like in conventional theories with
positive definite metric. To remove this unphysical
feature of the theory special procedures have to be
performed. As the global observables given by a
complete set of commuting symmetry observables
and the S-matrix are sufficient for the description
of microphysical experiments, only these observ-
ables are considered. While the symmetry observ-
ables can simply be projected into the positive part
of the state space, the S-matrix in general becomes
nonunitary and requires a unitarization procedure
in order to obtain physical meaning. As in the
nonlinear spinor theory the various particle sectors
have to be derived by construction, i.e. direct
calculation, and are not given a priori, there does
not exist a unitarization procedure which solves the
problem for all sectors simultaneously. One rather
has to discuss the state vectors of any sector
separately. To demonstrate the method we give a
discussion of elastic nucleon-nucleon scattering.
The in- and outgoing states are defined in this case
by the direct product of the one-fermion sector
discussed in section 1, namely
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{|prsin), |p1s1g), |prsid)}

® {|p2s2n), |p2sag), |pasady}. (2.1)

But only the set {|npisi) ® |np2s2>} has a
physical meaning. However, due to (1.24) also the
enlarged space

Hen:={|np1s1), |gp1510} ® {|np2s2, |gp2s2d}

can be considered as a physical one.

In general, the scattering states have to be
calculated by means of channel equations which
have been derived in preceding papers by Stumpf
[11]. These states contain unphysical admixtures
produced by the special form of the dynamics in
consideration. That means that if one starts in the
physical sector by defining the initial states to be
real nucleons, the dynamical evolution causes the
occurrence of ghost particles which appear in the
scattering states, and this is equivalent to the loss
of unitarity of the S-matrix. We discuss this situa-
tion for elastic nucleon-nucleon scattering and
denote the advanced and retarded scattering states
of two ingoing respectively outgoing nucleons by
|nkyinks)@® where we for brevity omit the spin
variables and other quantum numbers. Then the
S-matrix is given by

S(nkynks|nk'nks)

= nkynks [ n k' nky Y (2.2)

where the scalar product has to be evaluated
according to Stumpf [12]. This evaluation shall not
be discussed here; we only study the unitarization
procedure. Because of the properties of the scalar
product (2.2) can be written

S(nkinks/nk’ nks)
=0(f1 — ) 0(fz — )
+ 0k + k2 — k2’ — k2') T'(s, 1)

(2.3)

with the usual definition of the variables s and ¢
occurring in (2.3). In general, neither S nor 7T satisfy
the usual unitary conditions.

Heisenberg performed a dipole ghost regulariza-
tion for the Lee-model and achieved a unitary
S-matrix by admixing suitable nonphysical ghost
states to the scattering states [13]. However, this
method requires an explicit state construction.
Karowski proposed an extension of the Heisenberg
method to the dipole ghost regularized nonlinear
spinor field [14]. He tried to restore unitarity by a
suitable admixture of nonphysical S-matrix ele-
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ments to the nonunitary S-matrix and in this way
to avoid the direct construction of states. This
method, however, underlies a kinematical restric-
tion. An admixture is only possible if the quantum
numbers of the admixed elements coincide with
those of the original S-matrix element (2.2) resp.
(2.3). If this condition cannot be satisfied, an inter-
pretation of the process in consideration is not
possible. Thus, we have to consider those con-
figurations which lead to the formulation of kine-
matical unitarization conditions.

It is convenient to discuss these conditions in the
center of mass-system. For the original process (2.2)
we have in the C-M-system

h+b=0=H +1F (2.4)
and therefore

h=—F% H'=-—%". (2.5)
Together with four momentum conservation

ki +ke=k'+ k' (2.6)
follows then

|t| =8| =|t'| = |&| (2.7)
and

k10 = kao = ko = ko (2.8)

with ko= (£2 4 m?2)1/2. The variable s is given by
s = (k1 + k)2 = (k' + k2')

= —4 (2 + m?) (2.9)
and the variable ¢ by
t=(ky — k1')2 = (k2 — k2')2
=Fki24+k'2 —2k1 k' (2.10)

= —2m2 + 2(h2 + m2) — 2Hi%cos Oy,y,: .

From Heisenberg’s and Karowski’s approach follows
that only good ghost configurations have to be
admixed. For these admixtures the following
initial and final configurations and hence S-matrix
elements have to be considered in our case

a) (np1 nps)—(np1' ggqo),
b) (np1 ggq2) = (np1 npy),
) (mp1rmps)—>(gq gg2),
) (991 9¢2) —(np1" np2),
) (mp1gq) —(np1 9¢2').
f) 9nngge) —@a' g9e).
) (991 992) —(np1’ gq2),
) np1gq) =@ 9¢).

For these processes the following theorem holds:

Theorem. For the elastic scattering process
k1, ks — k1, k2’ with the corresponding variables s
and ¢ given by (2.9), (2.10) a selfconsistent admixture
of the processes a)—h) with the same s and ¢ value
in the full range is only possible for the processes e)
and f).

Proof. We consider the process a) in detail while
for all other processes only results are given.

a) In the C-M-system we have

P+ p2e=0=p'+ g (2.11)
and therefore
P=—p p'=-—q. (2.12)

From this and from four momentum conservation

p+pr=p1' + ¢ (2.13)
follows due to m == u

[p1| = [pe| == [p1'| = a2'| (2.14)
and

P10 = P20 + Pio + Gao - (2.15)
The variable s is given by

s=(p1+ p2)® = (p1’ + ¢)?

= — (p10 + P20)® = — (P10 + g20)* (2.16)

and the numerical equality with (2.9) requires
s = — (p1o + p20)2 = — 4 (h2 +m?) (2.17)
and
s = — (P10 + qu0)? = — 4 (b2 + m?). (2.18)
This can be satisfied by direct calculation with
M2 = p22 =142 (2.19)
and
L, (42 3mE— 22 — dm? e
P12 =22 = — 5 =5
16 (f12 + m )

(2.20)
The variable ¢ is given by
t=(p—p1)p
= — 2m2 -+ 2(p12 + m2)1/2 (p1'2 + m2)1/2
— 2| p1] | p1’| cos Oy, (2.21)
and
b= (p2 — q2')?
— —m? — p?+ 2(paZ + m2)V2 (o2 + p2)12
— 2| p2| | q2'| cos By, - (2.22)



H. Stumpf and K. Scheerer - Unitarization in Nonlinear Spinor Field Quantum Theory 289

The numerical equivalency with (2.10) requires

(P12 + mAV2 (g2 + mAY2 — [p1| | 2’| cos Oy,

= (h2 4+ m2) — |}1|2cos Oy, (2.23)
and
—m? — p2 4 2 (pa? + m2)2 (g2’ + )Lz
— | p2| | g2’ | cos O, 4, (2.24)

= —2m2 4 2(}2 + m2) — 2| f1 |2 cos Oy,
The solution of these conditions gives

1 (m2 — p2) + | 11| cos Oy,
| p1] | a2’

cos Oy - = (2.25)

and

cos O, = cos O, (2.26)

which leads with (2.23) and (2.24) to the final

expression

008 B (2:27)
[hm2 — ) + |12 008 Oy 14 (12 mayye
T [B[IER 4 3m2 — p? — dm2 i

The formulas (2.19), (2.20), (2.27) have to be
satisfied for the variables (pi1p2,p1’ge’) of the

(4.2 4 3m2 — u?)2 — 4m?2 y?2

process a) in order that the s and ¢ variables of a)
have the same values as the original process. These
conditions cannot be satisfied by (p1p2, p1'¢2’) in
the full range of s and ¢ for the process (k1 k2, k1’ k2').
For sufficiently small |¥| the right hand side of
(2.27) becomes >1 and therefore in this region no
corresponding (p1 p2, p1’ ¢2’') exist.

b) This process is equivalent to a) and leads to
analogous expressions.

¢) The conditions are

P12 = po? = 2, (2.28)

012 = g2’ = 2 + m? — 2, (2.29)
and

cos Oy, = cos O, (2.30)

3(m2 — u?) + [ t1|? cos Oy
[B] (B2 +m2 — p2t2 -
For sufficiently small |¥;| the right hand side of

(2.30) becomes >1, hence the same conclusion as
for a) is valid.

d) This process is equivalent to ¢) and leads to
analogous expressions.

e) The conditions are

P12 =1p1"2 =2 = q2'2 =

and

(2.31)

16(f,2 + m?)

cos @, ,,» = cos O

q2q2”

_ [3(m® — p2) + | f1]2 cos O,y ] 16 (12 + m?) 4 (m2 — p?)?
(452 + 3m2 — u2)2 — 4m?2 u2 :

(2.32)

For lim |¥;| =0 the right hand side of (2.32) becomes 1. For lim |f;| — co the right hand side
of (2.32) becomes cos O,y,. So we conclude that over the full range of the original process (k1 k2,

k1’ k2') the corresponding process e) exists.
f) The conditions are
M2=q2® = q1'2 = q2'2 = }12 + m2 — p2

and

€08 O 4 =08 Oy, 00 =

g) The conditions are

q12=q22=f12+m2_'u2’

pllz — qz'z —

(2.33)
m2 — p? + |t |2 cos Oy, 234
h2 4+ m2 — p2 : (2.34)
In this case a complete correspondence can be found to the original s-f-range.

(2.35)
(452 — 3m2 — u?)2 —4m?2 y2 2.36)

16 (},2 + m?2) (%
[% (m2 - :uz) + l fl 12 COoS @hﬁ'] 4 (fl2 + m2)1/2 (2.37)

cos @qm, = cos Qqaqz’ =

[(42 -+ 3m2 — u?)2 — 4m2 y2]1/2 (12 +m2 — p2)l/2 ’
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For lim | f;| = 0 and for certain ranges of m and u
(2.37) becomes > 1. E.g. if we put m= /2, u=
we obtain (2.37) >1 for sufficiently small |p;|.
Hence no full correspondence of this process to the
original process exists.

h) This process is equivalent to g) and leads to
analogous expressions.
From these results follows that only the elements

Smprgge|np’ gg’) =:8y
and
Sqnggelgn’ gg)=: S

can be admixed to S}, without any further re-
striction, q.e.d.

3. Unitarity Conditions

We assume to have the proper physical scattering
states | nkinks, t> %) which result from a unitariza-
tion procedure in the Schrodinger representation.
Then, if we start in the physical sector, the scatter-
ing process must not lead into the unphysical
sector. As the good ghosts are normalized to zero,
the physical sector is given by

Oen:={n, 9} @ {n. g},
while the unphysical sector follows to be
Hui={d} ®{d},

i.e. contains the dipole ghost states. Then an
advanced scattering state starting from Hpn must
not contain outgoing bad ghosts for ¢ — co. Due to
the orthonormality relations (1.23) no bad ghosts
leave the scattering process if

hmf<nlc’gq|nk1nk2,t>Ph)=0 (3.1)

and

mf<gq1 gqs |nk1nk2,t>(+)_ (3.2)

are satisfied where f means free two particle state.
In the same way one concludes

lim (PT,)OL kl'nkz',tlnkgq>f= 0 (3.3)
t——o0
and
lim (PT])<” ki'nko t | gq19q2>7=0 (3.4)

t——o0
Additionally, we have the normalization condition

Ginn|nnyy) =68 (n,n|nndfh) =1. (3.5)
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Rewriting (3.1)—(3.4) in the Heisenberg represen-
tation gives

Ok gg|nkink)s) =0, 0
gqr' ga2 | nkinksdsh) = 0. 88
inki nkd | nkgp® =0,

W nkl'nks |nkggq )

bn){nkr’ nke' |gq19g2) =0.
We demonstrate now that the following theorem

holds:

Theorem. A unitarization procedure satisfying
the conditions (3.5), (3.6), (3.7) cannot be performed
by S-matrix admixtures.

Proof. We perform the proof by explicit con-
struction. We put (3.8)

|nny$R) = 01| nn)® + 0o ng>® + g3|gg>H

fad (3.9)
frnn| =01 Onn| + 02’ Ong| + 03’ Ngyg|.

By substitution of (3.8) into (3.6) and (3.9) into (3.7)
we obtain

Sng Sag
Se 8 Dy (8)
=g m Pl L 3.10
Q2 01 S;"g S::g 01 D (8) ( )
Sog S
Sng Soq
s sl DY(S)
AT A I N R
s Sn

and similar expressions for 2" and p3’. By using the
conditions (3.5), also g1 resp. g1’ can be determined.
The final formula reads
Dy’

(Sn)en = 01" %01 | Sy + —S "t S - (3.12)
This formula shows that a S-matrix admixture is
not possible, since only S35 and SJ) are available
in the full range of s and ¢, but not the other
elements, q.e.d.

Due to this theorem, unitarization has to be
performed by the use of state representations. In
this case we don’t formulate the unitarity condi-
tions for ¢ — — oo resp. t — oo, but for the Heisen-
berg states t = 0. This glves

ng|n nbh =

(+

f<gg‘”’ﬂ>Ph) = (3.15)
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and
Gpnn|ngyf =0,
GpXnn|ggyf =0

while (3.5) remains unchanged. The sets {|nn){f’}
resp. {{5(nn |} are then considered to be parts of the
unitarized physical Hilbert space. Imposing these
conditions which lead to the direct construction of
the physical Hilbert space and not only to a
unitarized S-matrix, it is no more possible to
reexpress all terms by S-matrix elements. The
scalar products of free states with scattering states
have rather to be evaluated properly, what can be
done according to the methods of functional
quantum theory. We only give the results.

(3.14)

Theorem. The unitarized part of the Hilbert space
{|nny{H} for two nucleon scattering is given by

| nn)$H (3.15)
D1 (U) D,'(U)

=91{|’”‘>‘+’ D) D, () |”>(+)}

where S in D(S) is replaced by U with the defini-
tions
Ut :=Kay|zwy .

|ng>® +

(3.16)
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Proof. Runs on the same pattern as the foregoing
theorem, q.e.d.

The direct unitarization of the state space has
the great advantage that no kinematical subsidiary
conditions have to be imposed. Hence, this method
underlies no restrictions which prevent its practical
application. Either the unitary conditions (3.5),
(3.13), (3.14) are satisfied by themselves, namely
the process in consideration does not admit the
occurrence of bad ghosts, then nothing at all has to
be done, or the conditions are nontrivial and the
procedure can be performed. The physical S-matrix
then follows in the usual way by the formation of
scalar products between the sets of states {| nn)ﬁ:)}
and {{;(nn|}. By this procedure the physical
interpretation of the asymptotic states can be
maintained as only states of norm zero are admixed.
This is the advantage of this method.
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